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Abstract. A theoretical and numerical analysis of dynamic systems for excitation of longitudinal and transverse waves 
with a self-direction is carried out. Formulas for definition of excitation frequency and a difference of phases depending on 
system parameters are obtained. Conditions for existence and stability of the steady-state motion regimes are defined. 
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1. Introduction 
 
The synchronization phenomenon has many 
applications in mechanics and in physics, in the vibration 
technologies and in other fields [1-3].  
Synchronization is one of mechanisms of self-
organization of nonlinear oscillatory systems [1]. The 
general definition of synchronization properties was 
offered in [4-5]. In certain cases synchronization arises 
owing to properties of the system, for example, the 
frequency synchronization of vibrating or rotating bodies. 
In such cases the term self-synchronization is used [6]. 
Machines with independently rotating vibration exciters 
found wide application. Their rotors can rotate 
independently, and for normal work of the machine the 
necessary synchronization of rotations of vibration exciters 
is reached owing to the phenomenon of self-
synchronization of systems [1]. Lately interest is increased 
to chaotic synchronization where each of synchronized 
subsystems continues to make complex chaotic vibrations 
and after the establishment of the synchronous regime [7]. 
The aim of the present work is the research of the 
phenomenon of the dynamic orientation of an elastic 
system for excitation of longitudinal and transverse 
travelling waves, i.e. studying of the capacity of dynamic 
system to make vibrations in the directions chosen by the 
system.  
The additional degrees of freedom are arised at 
fastening vibration exciter to the object by means of 
connections allowing the motion of the body of the 
vibration exciter concerning object. Excess degrees of 
freedom give the possibility to the vibration exciter to 
choose trajectories of motion or position of its body. Such 
dynamically defined stable and unstable positions are called 
the phenomenon of the dynamic orientation. The 
phenomenon of a dynamic orientation is close to the 
synchronization phenomenon [8].  
For the theoretical research of the phenomenon of 
orientation the small parameter method is used. The 
conditions for the existence and stability of the given 
phenomena for elastic system are received by 
approximate-analytical methods. 
 
2. Problem statement 
 
The system consisting of a semi-infinite bar with the 
elastically connected end and n  vibration exciters 
connected to it is analysed. 
The bar can perform vibration in a transverse and 
longitudinal direction as the body of the vibration exciter 
turns round the joint which connects the body of the 
vibration exciter to a bar with the center of the axis of 



















Fig. 1. Model of the system 
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The exciting masses of vibration exciter are located at 
points jB1  and jB2 , and they rotate synchronously in 
opposite directions so that the excitation along the bar is 
created [8]. 
The points jjj BBA 21 ,,  have the coordinates  
 
),( jjjj vuxA + , )sin,cos( 111 jjjjjj rvruxB ϕϕ +++ , 
)sin,cos( 222 jjjjjj rvruxB ϕϕ −++ ,   constx j = , 






+= , nj ,,1 K= . 
 
Kinetic energy of the j-th vibroexciter is equal to  
 
















T ϕϕ &&&&&  
        +++− )sinsin)([( 22110 jjjjj xumr ϕϕϕϕ &&&&  
        )]coscos( 2211 jjjjjv ϕϕϕϕ &&& +−+ ,                           (1) 
 
where 0m  is the mass concentrated at the point jA , and m  
are the masses concentrated at points jB1  and jB2 , I  is the 
moment of inertia of the rotor of the j -th vibration exciter 
with respect to the center of the axis of rotation jA , [9]. 
The differential equations of motion of the given system 
is obtained in the form 
 
+−+−+ ]cossin)[()( 11012 jjjjj vxumrmrI ϕϕϕ &&&&&&&&       
                                                     jjj MH 111 ϕϕ ϕ =+ & ,      (2) 
+++−+ ]cossin)[()( 22022 jjjjj vxumrmrI ϕϕϕ &&&&&&&&       
                                                     jjj MH 222 ϕϕ ϕ =+ & ,     (3) 
++−++ jjjjj mrxumm 1
2
11100 cossin())(2( ϕϕϕϕ &&&&&&&  
                        )()cossin 22222 jinjjjj uF=++ ϕϕϕϕ &&& ,     (4) 
++−−+ jjjjj mrvmm 1
2
1110 sincos()2( ϕϕϕϕ &&&&&  
                        )()sincos 22222 jinjjjj vF=−+ ϕϕϕϕ &&& ,     (5) 
 
where jjH 11 ϕϕ & and jjH 22 ϕϕ &  are dissipative forces; jM 1ϕ and 
jM 2ϕ are the moments of external forces; )( jin uF  and 
)( jin vF  are inertial forces.  




























uEF &&ρξ  
  ∑ −=
j jjinj
uFxx αδ cos)()( ,         (6) 
 
where ),( txu  is the displacement of the cross section with 
the abscissa x , ρ  is the mass of volume unit, E  is the 
modulus of elasticity of the material, F  is the cross-
sectional area, 1ξ  is the coefficient of external damping, 
δ  is the Dirac's delta-function.  
The boundary condition for the elastically fixed end of 






=00 ,                                                                (7) 
 
where 0c  is the coefficient of stiffness of the spring. 

























where ),( txv  is the transverse displacement of the points 






characterizes the external damping  proportional to speed 
















vEJ .                                    (9) 
 
Introducing the dimensionless coordinate 
r
x
=η , the 
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j jjinj



















































   with  0=η .                   (13) 
 
From equations of motion of the given system it is visible 
that the vibration exciter on a bar at 0=jα  excites 
longitudinal vibrations, and at 
2
π
α =j  - transverse 
vibrations. 
  
3. Application of the small parameter method  
 
The small parameter method is used for investigation 
of the steady-state regimes of motion, determined by 
equations (2) - (5), (10), (12).   
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The equations (2), (3) take the form 
 
jjmrI 11
2 )( Φ=+ εϕ&& ,                                                      (14) 
 
jjmrI 22




jjjjjjjj MHvxumr 1111101 ]cossin)[( ϕϕ ϕϕϕ +−−+=Φ &&&&&&& ,  
 
jjjjjjjj MHvxumr 2222202 ]cossin)[( ϕϕ ϕϕϕ +−++=Φ &&&&&&& , 
 
ε  is the small parameter. 











































jin vFvF ε ,  (16) 
 
where )(),(,,,, 21 jinjinjjjj vFuFvu ϕϕ  are periodic functions 
of t . 
We substitute representations of functions 
jjjj vu 21 ,,, ϕϕ  in the form (16) into equations (14), (15) 
and, equalizing coefficients at 0ε  and 1ε , we receive  the 
problem of the first approximation: 
 
0)( 0,12 =+ jmrI ϕ&& ,  0,11,12 )( jjmrI Φ=+ ϕ&& ,  
 
































                                jjj MH 20,22 ϕϕ ϕ +− & . 
 
It follows that  0,1 jϕ  and  0,2 jϕ  can be represented in the 
form 
 
0,10,1 jj t ϕωϕ += , 0,20,2 jj t ϕωϕ += ,                                (18) 
 
where  0,1 jϕ , 0,2 jϕ  are  constants.  
Periodicity conditions of functions 1,1 jϕ  and 1,2 jϕ  
according to the equations (17) have the form 
 
 
−+−++=Φ )]cos()sin()[( 0,100,1000,1 jjjjj tvtxumr ϕωϕω &&&&&&    
                 
                                             0
11
=+− jj MH ϕϕ ω , 
   
−++++=Φ )]cos()sin()[( 0,200,2000,2 jjjjj tvtxumr ϕωϕω &&&&&&   
 
                                             0
22
=+− jj MH ϕϕ ω ,      (19) 
 
the upper dash indicates averaging with respect to t . 
Substituting representations of functions )( jin uF  and 
)( jin vF  in the form (16) into (10), (4) and (12), (5) with 
the account that 0,10,1 jj t ϕωϕ +=  and 0,20,2 jj t ϕωϕ +=  and 
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vF 000 sin)()( αηηδ ,        (22) 
 
−+= 0000 )2()( jjin vmmvF &&  
 

















Functions 0ju  and 0jv , nj ,,1 K= , will be found 
from expressions (20) - (23), then the constants ω  and 
0,10,2 jj ϕϕ − , nj ,,1 K= , will be defined from periodicity 
conditions (19) taking into account that if 00 =jα , 
nj ,,1 K= , at action of the perturbing force developed by 
the vibration exciters, the bar makes vibrations in a 
longitudinal direction, and if 
20
π
α =j  – in a transverse 
direction. 
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4. The forced transverse and longitudinal vibrations of 
the bar 
  
For case 1=n  we shall find functions ),( tu η  and 
),( tv η  - the solutions of the equation (20), (22) with the 
boundary conditions (11), (13), respectively. And we 
believe  that at the point of the bar with the abscissa 01 =x  
(or in the dimensionless coordinates 01 =η ) the forces 
)( 100 uFin  and )( 100 vFin  are applied. 
Finding of function ),( tu η  is reduced to the integration 
of the differential equation of the longitudinal vibrations of 







































, 1ηη ≠ , (24) 
 























                 ))cos()(cos( 20102 ϕωϕωω +++− ttmr         (25) 
 
is applied, where 0,1110 ϕϕ ≡ , 0,2120 ϕϕ ≡ . 
Equation (24) must be integrated with the following 
conditions: 
 










=   when  0=η ,           (26) 
 
where 100 αα ≡ . 
The solution of equation (24) is sought in the form 
 
.sin)(cos)(),( tttu ωηψωηθη +=                               (27) 
 
Substituting the expression (27) into the equation (24), 
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EFk ωρβ == . 
 
The functions )(ηθ  and )(ηψ  must satisfy the 
conditions 
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are obtained from (27). 
Using the conditions (30) and (31), the integration 
constants  41 AA −  in (28) 
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Function ),( tu η  is represented in the form 
 
))(cos()(),( 0 ηγωηη += tAtu ,                                  (32) 
 
where )()()( 22 ηψηθη +=A  is the amplitude of 
vibrations of the points of a bar, and )(
)()(0 ηθ
ηψ
ηγ arctg−=  
is the initial phase. 







































































































1 2/ βαµ −+= kk , 
22
2 2/ βαµ ++= kk . 
 
Differentiating the function ),( tu η  with respect to η  at 





=  is 




















Finding the function ),( tv η  is reduced to the 
integration of the differential equation of the transverse 






















, 1ηη ≠ ,                         (35) 
 
valid everywhere, except at the point 1ηη = =0, where the 
force  
 
−+= 100100 )2()( vmmvFin &&  
                  ))sin()(sin( 20102 ϕωϕωω +−+− ttmr         (36) 
is applied. 
Equation (35) must be integrated with the conditions 
 























.         (37) 
 
The solution of equation (35) is sought in the form 
 













1 =  and 
substituting the expression (38) into the equation (35), the 
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is obtained. 
Solving the system of ordinary differential equations 
































1)( 111 γηηγηγγηη chchK += , 
)sincos(
2
1)( 112 γηηγηγγηη chshK += , 
)sinsin(
2
1)( 113 γηηγηγγηη shshK += , 
)cossin(
2
1)( 114 γηηγηγγηη shchK += , 
)coscos(
2
1)( 115 γηηγηγγηη chchK −= , 
)sincos(
2
1)( 116 γηηγηγγηη chshK −= , 
)sinsin(
2
1)( 117 γηηγηγγηη shshK −= , 
)cossin(
2
1)( 118 γηηγηγγηη shchK −= ,                     (41) 
 
γ , 1γ , ,
~α  1
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1)0(1 =K , γ=′ )0(2K , 14 )0( γ=′K , 13 ~)0( α=′′K , 
α~)0(5 =′′K , 16 )0( δ=′′′K , 28 )0( δ=′′′K , where 
111
~~ γαγαδ −≡ , γαγαδ 112
~~ +≡ , values of all other 
functions and their derivatives to the third order inclusive at 
0=η  are equal to zero. 















































































mb == , 
are obtained from conditions (37); the integration constants 
81 DD −  of functions )(ηX  and )(ηY  (40) are determined 
from algebraic system concerning these constants: 
 
621 DDD −−= , 053 == DD , 64 iDD −= ,  
 





































1022 )sin()sin( δαδα −++=∆ aa . 
 

















Therefore, the function ),( tv η  is equal to 
 
+−+−−= ))(sincos(),( 871262 KKKKtDtDtv ωωη  
 
))(sincos( 761426 KKKKtDtD −+−++ ωω .               (44) 
 
Functions ),( tv η  are represented in the form 






















































































5. Conditions of the existence and stability of the 
solutions 
 
It is necessary to make use of periodicity conditions 
(19) at definition of frequency ω  for longitudinal and 
transverse vibrations which at 1=n  takes the form 
 
−+−++=Φ )]cos()sin()[( 10101001010 ϕωϕω tvtxu &&&&&&  
 
          011 =+− Mhω ,  
 
−++++=Φ )]cos()sin()[( 20102001020 ϕωϕω tvtxu &&&&&&  
 
          022 =+− Mh ω ,                                                 (47) 
 










= , 1=j , 
2,1=k .  
Substituting the functions 010 xu +  (34) and 10v  (46) 
into the system (47), the given system is transformed to 
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From the given system (48) it follows that the condition 

































α =        πϕϕ =− 1020 , 
 
from system (48) it is obtained that 
 




















































that for transverse vibrations of the bar frequency ω  is 


















.                   (49) 
 
b) For 00 =α        01020 =−ϕϕ , 
 
from the system (48) we have 
 

















































































that for longitudinal vibrations of the bar frequency ω  is 
defined from the expression 
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The solution was stable when it should satisfy the 
condition 
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 or 02 212 <−+ δδa    (52) 
 
is fulfilled; in the case when 00 =α  the solution should 
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6. Experimental analysis results  
 
As initial data it is accepted: 
 
1.01 =a , 2.01 =b , 21 =ρ , 5.0=n , 00 =ξ , 221 == hh ,   
 
121 == MM ,  00 =α . 
 
Entered into consideration the dimensionless 
coordinates are connected with corresponding 














































In the given case πϕϕ 21020 =− . The equation for 
determination of frequency ω  has the solutions: 
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5040.01 ≈ω , 6571.22 ≈ω . The frequency 2ω  is the 
frequency of resonance. 
The three-dimensional graph of the function ),( tu η  



















Fig. 2. The graph of the function  ),( tu η  
 
Following dimensionless coordinates  
 
3.01 =c ,  12 =c ,  1.021 == hh ,  121 == MM ,  20
π
α = , 
 
are connected with corresponding dimensional coordinates 



















In this case πϕϕ =− 1020 . The equation for 
determination of frequency ω  has the solution: 
4029.3≈ω . 
 
The three-dimensional graph of the function ),( tv η  





















Fig. 3. The graph of the function  ),( tv η  
7. Conclusions 
 
The dynamic model of the system is constructed, the 
exact solution of a problem about determination of 
longitudinal and transverse vibrations of the bar with the 
elastically connected end is found in the work. Using the 
given exact solutions, the expressions for the definition of 
the excitation frequency are received, leading to the 
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